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queries of +He dype : Report all Poiats of P oot hee <q
qc'ag.j cuterval (T, x'7
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lupwt: A (,.‘m,y Seawveh 1ree T a m:g_e O x'] ,

Owtput: QI pouts stovedd (v Laeves of T Hot ¢ iw (¥,x(]

A Vst 1= Finod SpLit-Node (T, x,")

2. if Vsplis is «%«4 taen

3. Clhec f Pont Stortd ot Vspls st Lo vepovied

v 8% [ Tollows path do X amel veport poitats i Subhreas vight of path
$: 0 visLeft_ chitd (vsplit)

6. wWhile vis wo fea do

3> _§£ X ¥, +hen

g. | - Sultres (wglt- child (v))

9. v:i= defr. child (v)

lo, tlse v: = vight_ cbulet(v)

"o Gk if point storeed ot doeg v tnust Le reporied

2. Su"h-?.la.r{y -fdfl'm poth 19 x! ool repart posis (n sultrees Left of petly

- efCPWCQSJf‘-.G.’
O(logn ) constmchion fie
O(w) S-Iomoe
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Given: A Set €={pa -, pu] € R
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Tosk: Process P iwt o deda Shchere oot allovs fust 2D range
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Algorithm BUILDKDTREE(P, depth)

Input. A set of points P and the current depth depth.

Output. The root of a kd-tree storing P.

1.

2
£
4

|

~ B ©

if P contains only one point
then return a leaf storing this point
else if depth is even

[ o Sort P ‘OY X- 0-'4\0(@7 =

oordinate tn advance
o Use Hiese Hvo Sorteg (L34S
Ho finel Wredllay ,
o Coss sorjed Usks tnto recarsive
Calls

ota) ws 1
=>Tw)= 4
2 {O(h)fﬁtf‘ya).ﬂw

J

= Olw (GJ h) e

then Split P into two subsets with a vertical line ¢ through the
median x-coordinate of the points in P. Let Py be the set of
points to the left of ¢ or on ¢, and let P> be the set of points

to the right of ¢.

else Split P into two subsets with a horizontal line ¢ through
the median y-coordinate of the points in P. Let P be the
set of points below ¢ or on ¢, and let P, be the set of points

above /.

Vieft BUILDKDTREE(P[,depth+ 1)
Vright ¢ BUILDKDTREE(Pz,depIh +1)

Create a node v storing ¢, make Viefe the left child of v, and make

Vright the right child of v..
return v



. ithm SEARCHKDTREE(V R)
V)= Left_child (v) Algori ’
U:% ))- ‘-l-;‘e:f cks"d(v) Input. The root of (a subtree of) a kd-tree, and a range R,
Yelv)= [\ phe Output. All points at leaves below v that lie in the range.

I. ifvisaleaf

2 then Report the point stored at v if it lies in R.

3 else if region(lc(v)) is fully contained in R [/YCaih(CdV)) i
4. then REPORTSUBTREE([C(V)) = T‘Q“"‘(") 4] -l(V)

3 else -if region(ic(v)) intersects R ~> COpuie on

6 then SEARCHKDTREE(Ic(v),R)  Hae .ﬁ(y

7 if region(rc(v)) is fully contained in R

8 then REPORTSUBTREE(rC(V))
9. else if region(rc(v)) intersects R
10. then SEARCHKDTREE(rc(v), R)

Theorew: A kel = 4vee -for o Set ‘Po{ V\Po{wi-s Gan S Conginc feof
tt O(ulogn) He anol wses O(n) Spece. erech'nah(-r rage
query Coin Lo omsered cn O({?" <) hime ; ke =¥ repocke] pois
Genernlizakion, +o of olmensions: Qls, O(h)s-l-uw‘& ) Olnlegs) COkS"w.#o?
| ‘F“\L,M O(h"—‘/d-(.k) ?h“, Y NP
Broof Sketels:
o . e O(k)
| visited, verhces (i Sulh-ce
:ih;:;:gﬂ#\:f#m Haat are kot , ohe qf'l-"-l- HPM S brtes
Lo N
~> QU= # inksecled reglons in ke —trec of v poieis Whase vo
Comtadns vetiea | .?lilﬁj b'\{ & Py a/\
w ~A Q)= 2-(-2(2(-—'%‘)) hS>A -"—‘)Q("‘):’O({;) A IA 8
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% Trees ia 2D
P‘Task: Aunswer 2D th'fMJu(qr revse 7«&-:7 ity O(loJ‘., tk)
et

binary search tree on
x-coordinates

binary search tree
on y-coordinates

H_J
P(v)
2uof -Level Free

;\/__J‘

P(v)
Ast -Level $ree

Algorithm BUILD2DRANGETREE(P)
Input. A set P of points in the plane.
QOutput. The root of a 2-dimensional range tree. ;
1. Construct the associated structure: Build a binary search tree T, on the
set P, of y-coordinates of the points in P. Store at the leaves of Taxsoe TIOL
Just the y-coordinate of the points in Py, but the points themselves.
if P contains only one point
then Create a leaf v storing this point, and make Tassoc the associated
‘ structure of v.
4, else Split P into two subsets; one subset P.f; contains the points with x-
coordinate less than or equal to x4, the median x-coordinate. and
the other subset Piign contains the points with x-coordinate larger

LI b

tham %l

o : Vieft ¢~ BUILD2DRANGETREE(Pies;)

6. Vright ¢ BUILD2DRANGETREE(P,1ght)

A Create a node v storing x.iq, make Vieq the left child of v, make
Viight the right child of v, and make T, the associated structure
of v.

8. returnv



TP 0("'“3“) S"mé‘} O(uloan) Consimehoy g
Croof: O(») slomge ot eueg level af §~ ~> O(n lth) al'hdd‘w
o Presort P iwto oo LSS ) Soviedd S& X~ or y-cwuﬁ-'«ak
~> Comstrmet Search drees (h Ungg, Aune

~ Comstmetion +e prapartional o Stomce 5

Algorithm 2DRANGEQUERY (T, [x : x'] x [y :)'])
Input. A 2-dimensional range tree 7 and a range [x : x
Outpurt. All points in 7 that lie in the range.
1. vgpiit < FINDSPLITNODE(T ,x,x’)
if vypiic is a leaf
then Check if the point stored at v,pj;; must be reported.
else (x Follow the path to x and call IDRANGEQUERY on the subtrees
right of the path. )
V ‘IC(Vsplit)
while v is not a leaf
do if x < xy
then 1DRANGEQUERY (Zyssoc(re(Vv)). [v 1 V'])
Vv« le(v)

A i x|

=i b

S0 g O n

else v« re(v)
Check if the point stored at v must be reported.
Similarly. follow the path from rc(Veprir) to x'. call IDRANGE-
QUERY with the range [y : V'] on the associated structures of sub-

trees left of the path, and check if the point stored at the leaf where
the path ends must be reported.

Theoven: G vonse free Stonug n raoc’nﬂ‘ cn Hae P(a‘:c Coa e
Constnckd  (n  Olhlogh) +ime onof Storege. A rec(-'-ua.lér
varge query Car, fe onsVeved (o o(conh &) ,,,-“(}

k=# vepoded poruis.

Broof: Guen bne <30 (Logu+iey) = O( £ Logn +Z ky)

____._.
0 — O

Wsileol v ViSiedv &"i‘i‘.’.—
= ba” wy =k

Search pellas in ?‘&avc lenst Loga
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[wferml Tree
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Algorithm CONSTRUCTINTERVALTREE([)
Input. A set I of intervals on the real line.
Output. The root of an interval tree for '8

[ if/=0
2. then return an empty leaf
3. else Create a node v. Compute xp;q. the median of the set of intervy]

endpoints, and store x,,;y with v.

4, Compute /,,;q and construct two sorted lists for /4 a list Legy (v)
sorted on left endpoint and a list Liioni (V) sorted on right endpoint,
Store these two lists at v,

5. le(Vv) « CONSTRUCTINTERVALTREE([leﬂ)
6. re(v) « CONSTRUCTINTERVALTREE(Irigm)
yi! return v

Titme analysis : 00+ | Tniel fog ITinsy| ) pev vetex = O(u t,,o..)

IT|

X 4



Algorithm QUERYINTERVALTREE(V.q,)

Input. The root v of an interval tree and a query point g,.
Outpur. All intervals that contain ¢,.

if v is not a leaf

o S

6.

Tiue atralysis:

then if g, < xq(Vv)
then Walk along the list Lyeq (V). starting at the interval with the

else

Theorew: An inlepml tree for o Set of

Can Se Consimcted

leftmost endpoint. reporting all the intervals that contain
gy. Stop as soon as an interval does not contain g,.
QUERYINTERVALTREE(lc(V).g,)

Walk along the list Li;on(V), starting at the interval with the
rightmost endpoint, reporting all the intervals that contain
gx- Stop as soon as an interval does not contain g,.
QUERYINTERVALTREE(rc(V).qy)

S O(AFky) Kue o Vedex v U= thinteamls veparied af v
e WS &4 wodde ot any e&ﬁ‘,
~ O(!oan +k)

O“‘G" the) hune; k = # reporied inieanls.

h o tuim(s il
Ol lggn) hime asel wses ) Storge.
All tndtvals oot Contrin o uery ‘u—-‘w Cons Se veporiesl iy




Segunent Tirees
Let Pa, s pwn Hae Sorked Listof olishnct (njewa/ evolpoivis of T
~ Cowﬂdcr P‘!‘F‘HO"\&:S twto 2 (6w gote S e
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Tt (v): = Lion of Twtlp) of all leaves (n Subtree rockel et \v
¢ Eaclh node ov Le-\.f v storeS
o Tuvdlv)

e Hae canonics| subset T(v)ET : ‘
T(v):={Cox1eT| Tut(v)& G, x] onel Tont (pret(v)) L% J]-

Stoye cutervals ‘
yas high as possitle '

S5

lewwa: A Sequest Free O8N 1w inde

vals ases O(“\l‘«’o h) Svlomde
Prooc 1dtn: Quy jnlevn| 1S Stoved i & Set T(v) for ot ot
+~Z wodleS at Hhe Sawe Level 0f I~ N



Algorithm QUERYSEGMENTTREE(V.qX‘)
Input. The root of a (subtree of a) segment tree and a query point g,.
Outpur. All intervals in the tree containing q,.
I. Report all the intervals in (V).
if v is not a leaf
then if ¢, € Int(/c(v))
then QUERYSEGMENTTREE(/c(V). g,)
: else QUERYSEGMENTTREE(!‘C(V),q_‘-}

Tiwe a&n(?sh: o Vigit oue wodle per (‘l"f} o(l.an th) Hne
« Spevel QL4+ ky) per nodle V

D 1o

L. T '8 g .
e G g | Vvee . ( ‘:gt.ﬂ\f‘-"f_ﬁg"‘g‘.f T (P

4\) Sort twiem| Mm{m O#I ~ 0-“"'"‘“*"7 rhmu fo(“{a,.)
2) Comsienct balonied bin, Search tree ot @lewn. thiemlr
3) Detrming Tutlv) lookow ~up Ola )
U) Covmpmk Canmonica! SulSeks Ly cucreuenta(l y c'mrev-#:;

e tniemnls 03] 6T fudg Tl u.n'hJ Tersevt \;"*-.kfj;ﬂ.’=--‘».-,,-j-““;rn,‘;-ﬁ,,‘

Algorithm INSERTSEGMENTTREE(V, [x : x'])
[nput. The root of a (subtree of a) segment tree and an interval.
Quipul. The interval will be stored in the subtree.
if Int(v) C [x: X]
then store [x: x'] atv
else if Int(lc(v)) N [x: ] # 0
then INSERTSEGMENTTREE(/c(v), [x:x])
if Int(re(v))N[x:x] #0
G then INSERTSEGMENTTREE(rc(v), ke ax'])

Tiwe atalysis: » Spenet contiact Hiu pev hode
» 1f e don't store 02T at V) dhey x€Tutlv) oF x'eZudv)
¢ Each inlownl Stoved € Hwite ot eoch levef,

At wost one hodle per leve whate inednt Comteuhns X (siwilar forx)
~> VisTH £ 4 hosks pay level =3 Ollggn) => O(un logn) Tygerds,
Theovew: @ Segient Jree \fby @ Mﬁ-’ n dulermls Can Ge

s o —

bailt in Olhloah) Fwme anel wles O hloyw) Shorge - '
All intervalt Yook contain 0. query poivd Cou be reporid iy
OlLog 4 tic) hwe .

4
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