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m\,‘ Powering a number

(a bit casier than the recursive mystery question on the homework)
Problem: Compute a”, where n € N.

Naive algorithm: O(n).

Divide-and-conquer algorithm: (recursive squaring)

i a.q"? if 7 is even;
a” = . .
a2 D20 g if i is odd.

T(n)=T(n/2) + ©(1) = T(n)=0O(logn).
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m\,‘ Matrix multiplication

Input: 4 =[q;], :[bij]'} iL,j=1,2,...,n

Output: C=[c,]=4-B
i G2t G ay ayp oy || by by o by,
Cry Cyp *** Cy _ ay| Ay -+ Ay, . b21 b22 bZn
Cul Cu2 " Cpn Ay Ay 0 Ay, bnl b bnn

n
CU = Zaik bkj
k=1
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“‘ Standard algorithm

fori< 1ton
do forj < 1 ton
do Cii<_0
fork<« 1ton
do Cjp & cU+aik'bk/

Running time = O(#?)
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uuuuuuuuuuuuu

.'-i:-,\ Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(n/2) submatrices:

ris| [aib][elf
LuHcngh}
r =ae®bg

s =a'f* b-h | 8 recursive mults of (7/2)x(n/2) submatrices
t =cretdh | 4adds of (n/2)x(n/2) submatrices

u =cfidg
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;'f;-,\ Analysis of D&C algorithm
T(n) = 8 T(n/2) + O

\
# submatrices work adding

. submatrices
submatrix size

n'oght = plogd = p3 = CASE 1 = T(n) = O(nd).

No better than the ordinary algorithm.
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.'-i:-,-- Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-h) r =Ps+P,—P,+ P,
P,=(a+b)-h s =P, +P,
P,=(c+td)-e t =P;+P,
P,=d:(g-e) u=Ps+P,~Py-P,

Py=(a+d)+(e+h)
P6 — (b o d) ) (g+ h) 7 mults, 18 adds/subs.

P,=(a—c)-(e+f) Note: No .re.hance on
commutativity of mult!
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uuuuuuuuuuuuu

.'-i:-,-- Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

P =a-(f-h s =P, +P,
P,=(a+tb)-h =a-(f—h)+(a+Db)h
P,=(ctd)-e =af—ah + ah + bh
P,=d-(g—e) =af + bh

Ps=(a+d)-(et+h)
Pg=(b—-d)-(g+h)
P;=(a—-c)-(etf)
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o ' Strassen’s algorithm :“— - Analysis of Strassen

1. Divide: Partition 4 and B into T(n) =7T(n/2) + O(n?)
(n/2)x(n/2) submatrices. Form P-terms

to be multiplied using + and — . nloent = ol m 8 = Case 1 = T(n) = O(n'e).

2. Congquer: Perform 7 multiplications of The number 2.81 may not seem much smaller than
(n/2)x(n/2) submatrices recursively. 3, but because the difference is in the exponent, the

3. Combine: Form C using + and — on impact on running time is significant. In fact,
(n/2)x(n/2) submatrices. Strassen’s algorithm beats the ordinary algorithm

on today’s machines for » > 30 or so.
T(n)=17T(n/2) + O(n?)
Best to date (of theoretical interest only): O(n?37¢).
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