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Matrix Multiplication

Carola Wenk
Slides courtesy of Charles Leiserson with small
changes by Carola Wenk
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.!‘!‘,‘ Powering a number

Problem: Compute «”, where n € N.
Naive algorithm: O(n).

Divide-and-conquer algorithm: (recursive squaring)

i {a”’z -a"? if n is even;
an =

S a2 g2 g if s odd.
T(n)=Tn/2)+0O() = T(n)=06(ogn).
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.!!“‘ Matrix multiplication
Input: b,
(;lpu [a,,], [ ]}i,,jzl,z,...,n.
utput =[c;]=
oy e Aoy | an ap A oay, | | by by A by,
Cy € A ¢y, ay aypy N ay, [’21 by, A by,

M MO M M MO M M MO M
Cn1 Cn A Cnn n 4y A Ann bnl by A b,

n2 nn
n
k=1
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. ‘,‘ Standard algorithm

fori< 1ton
do forj <« 1ton
do ¢; <0
for k< 1 ton
do C < c,-j+al.k'bk/.

Running time = O(n?)
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ﬁ Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(n/2) submatrices:

ik

C =4 - B
r =aeffbg

s =a:f# b-h | 8 recursive mults of (7/2)x(1/2) submatrices

t =cetdh [4addsof (n/2)x(n/2) submatrices
u = cif Mg
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. M‘ Analys1s of D&C algorithm

T(n) = 8 T(n/2) + O(n?)

\
# submatrices work adding

o submatrices
submatrix size

nloght = plows =3 = CASE 1 = T(n) = O(n’).

No better than the ordinary algorithm.
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.-'!"-,-. Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-h) r=Ps+P,—P,+ P
P,=(a+b)-h s =P +P,
Py=(ctd)-e t =Pyt P,
P,=d-(g—e) u=Ps+P —Py—P,

P;=(a+d)-(et+h)

=(b-d)-(g+h) 7 mults, 18 adds/subs.
=(a-c)- (Z +1) Note: No reliance on
’ commutativity of mult!
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.-'!"-,-. Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-h) s =P +P,
P,=(a+b)-h =a-(f—h)y+(a+Db)h
Py=(c+td)-e =af—ah + ah + bh
P,=d-(g—e) =af + bh

Pi=(a+d)-(e+h)
Pi=(b=d)-(g+h)
Pr=(a-0)-(e+f)
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,"!"-,-. Strassen’s algorithm

1. Divide: Partition 4 and B into
(n/2)x(n/2) submatrices. Form P-terms
to be multiplied using + and — .

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.

T(n) =71(n/2) + On?)
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,"!"-,-. Analysis of Strassen

T(n) =7T(n/2) + O(n?)
nlogrt = plowd’ & p281 — CaSE 1 = T(n) = O(n'¢7).
The number 2.8 1 may not seem much smaller than
3, but because the difference is in the exponent, the
impact on running time is significant. In fact,

Strassen’s algorithm beats the ordinary algorithm
on today’s machines for 2 > 30 or so.

Best to date (of theoretical interest only): ®(n>3704),
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